In this paper, a problem of packing hexagonal and dodecagonal sensors in a circular container is considered. We concentrate on the sensor manufacturing application, where sensors need to be produced from a circular wafer with maximal silicon efficiency (SE) and minimal number of sensor cuts. Also, a specific application is considered when produced sensors need to cover the circular area of interest with the largest packing efficiency (PE). Even though packing problems are common in many fields of research, not many authors concentrate on packing polygons of known dimensions into a circular shape to optimize a certain objective. We revisit this problem by using some well-known formulations concerning regular hexagons. We provide mathematical expressions to formulate the difference in efficiency between regular and semiregular tessellations. It is well-known that semiregular tessellation will cause larger silicon waste, but it is important to formulate the ratio between the two, as it affects the sensor production cost. The reason why we have replaced the "perfect" regular tessellation with semiregular one is the need to provide spacings at the sensor vertices for placing mechanical apertures in the design of the new CMS detector. Archimedean {3, 12 2 } semiregular tessellation and its more flexible variants with irregular dodecagons can provide these triangular spacings but with larger number of sensor cuts. Hence, we construct an irregular convex hexagon that is semiregularly tessellating the targeted area. It enables the sensor to remain symmetric and hexagonal in shape, even though irregular, and produced with minimal number of cuts with respect to dodecagons. Efficiency remains satisfactory, as we show that, by producing the proposed irregular hexagon sensors from the same wafer as a regular hexagon, we can obtain almost the same SE.
Introduction
Packing is a common problem in many different fields, such as computer science, design, manufacturing, and engineering. It consists of embedding smaller shapes into a larger one called container [1] [2] [3] [4] . Basic requirements must be considered depending on the specific application to find the optimal packing efficiency (PE). For example, inner shapes can be the same in area or mixed shapes can be considered [5] . Also, arranged components can be nonoverlapping or there could be overlap allowed [6] .
There are applications with different optimization goals, like minimizing the size of the container, or maximizing the number of arranged inner components [7, 8] . The shape of the container and the packed items may vary from a fixedsize circle, square, rectangle, triangle, etc. For example, circle packing into a larger circle or a square is well addressed in the literature [9] [10] [11] [12] [13] .
Packing problem can be mapped to the field of sensor manufacturing [14] [15] [16] . In this case, packing is a problem of producing sensors from a circular silicon wafer which is a fixed-size container. The goal is to cut out as many sensors as possible from a given (in our case, circular) piece of silicon wafer material. Basic requirement is to minimize the silicon waste, i.e., the unused part of a circular object. PE is equated this way with the efficiency of the used silicon material or silicon efficiency (SE).
When producing a single sensor, it is known that SE is maximal if hexagon shape is used with respect to triangle or square [17, 18] . Since hexagon is the closest to being circular with the largest area, it has been shown to provide minimized silicon waste with respect to other geometrical shapes [19] . However, most papers in the literature concentrate only on producing rectangular or squared sensors. Namely, in the past, sensor dies were separated by the specific laser cutting procedure, applying only straight lines on the wafer in the manufacturing process [20, 21] . The former is known as "guillotine cutting" from one edge to the other [22] . Using the single straight lines is allowed with the regular pattern, so this mechanism forced dies to have regular shapes such as squares and rectangles.
Nowadays, it is possible to use methods of forming a semiconductor die that does not require applying only the single straight lines. Hence, dies having various nonrectangular shapes can be formed, increasing the wafer yield [23, 24] . Polygon dies further maximize the wafer utilization and multipolygon die packing may allow for a significant reduction of the wafer silicon material from which the polygon dies are produced [25] .
Many applications require production and use of these abovementioned polygonal sensors, especially hexagons [26, 27] . One specific application in our focus is the design upgrade of the new CMS detector. For this purpose, hexagonal sensors are produced from six-inch or eight-inch wafer sizes. With these produced sensors, the aim is to efficiently cover a circular detector area of interest which is a circular container in the packing context [28, 29] . According to [1] , the corners of the hexagons are flattened, providing a triangular gap wherever three hexagons meet. One regular hexagonal sensor for this purpose is shown in Figure 1 [30] . It has cut out triangles or "vertex cuts" needed to provide mechanical apertures when covering the detector surface.
With these vertex cuts, irregular dodecagon sensor shape needs to be produced, where a regular dodecagon is obtained with maximal cut applied. SE is expected to be larger when a single sensor is produced, but with 12 straight cuts applied on the wafer in the manufacturing process. The question that is posed in this study is can we construct a sensor whose geometrical shape can be as efficient in terms of minimal number of six cuts such as using a regular hexagon? Possibly, for these irregular hexagonal sensors, no vertex cuts are needed since they are provided by default in the tessellation process.
Naturally, applying the vertex cuts and using the irregular sensors both decrease SE when sensors are produced, because semiregular tessellation is expected to cause larger silicon waste than regular tessellation. Nevertheless, the goal is to analyse whether using an irregular convex hexagon is cost-effective. We discuss if it is as efficient as using a regular hexagon. We also compare its efficiency with dodecagons, to see whether using the vertex cuts on tessellated regular hexagons is more efficient after all in terms of packing and production cost.
The paper is organized as follows. First, related work is summarized in Section 2 and the theoretical background on mathematical tessellation is given in Section 3. The used methodology of the research is explained in Section 4. Next, in Sections 5 and 6, packing regular and irregular polygons into a circular container is considered, and solutions to the defined problem statements are provided with the PE calculation formulas. An irregular convex hexagonal sensor shape is proposed in Section 6. Results are provided in Section 7, by comparing the packings. We give a real-life example where a concrete SE is calculated for six-inch or eight-inch wafers used. Section 8 concludes the paper together with the future work and it is followed by the references used.
Background
. . Packing Efficiency Calculation. Basic requirement when producing sensors is cost reduction by improving wafer productivity. This is defined as the fraction of the used wafer area to the total wafer area [31] . Szabo et al. [8] defined the density of a circle packing ( , ), where is a radius of the inner circle and is size of the square container. The PE of packed circles is given by the formula:
This means that packing density can be expressed as the ratio between total area covered by the packed items and the area of the usable container [8] . We adopt the former formula to approximate SE.
. . Related Work. Many studies are done on maximizing wafer efficiency, mostly concentrating on square or rectangular sensors. A method for optimizing number of square cells that geometrically fit on a circular wafer and maximizing wafer yield is developed in [32] . Ferris-Prabhu presented in his work algebraic expressions that explicitly relate the number of produced cells to the wafer diameter and to the geometric parameters of the cells [33] . Some formulas are developed estimating how many cells of a given area will fit on a wafer and how much wafer area will be lost due to roundness of the wafer [34] . An iterative cutting procedure was developed for maximizing number of rectangular cells produced from six-inch and eight-inch wafers to maximize wafer utilization [35, 36] .
Unlike in the field of sensor manufacturing where the region of interest is a circular silicon wafer or a container, the circular CMS detector represents region of interest that needs to be efficiently covered. Also, in the field of sensor networks, sensor positions are crucial in the form of a hexagonal grid to obtain better coverage efficiency and to cover the sensing area more efficiently [37] . The total number of sensors can be calculated using a known formula for centred hexagonal numbers defining a ring of hexagons [38, 39] . Kim et al. [40] apply a hexagon tessellation with an ideal cell size to deploy underwater WSN. Authors show that, for a circular region of interest, one can calculate the number of hexagon rings needed to fully cover the disk of a given radius.
There are many research problems on packing and various shapes of packed objects and containers are studied. Using rectangular or square container approximation is provided in the literature, concentrating mostly on circular packing problems. Litvinchev et al. [41] investigate the optimized packings of circles and "circular-like" objects in a rectangle to maximize the packed area and minimize waste. Authors simplify the packing problem by using a regular grid to model the inner positions of the packed items. This formulation is further adopted by [42, 43] and applied for cutting and packing of circles and ellipses. The goal is to pack as many items as possible to increase the efficiency and to decrease area of the container that needs to be produced.
Authors in [44] apply again a regular grid to a packing problem solution and derive a model for packing not only circles, but equal and unequal regular convex polygons such as hexagons in a rectangular region. Also, [45, 46] are devoted to efficient solutions for packing convex objects in the rectangular container. Different object shapes can be adjusted to the given packing schemes and minimize the cost by eliminating the unpacked areas.
. . Contributions. Despite using a rectangular container model as in the previous researches, it can be adjusted to handle some other geometrical shape such as polygon or circle. Provided solutions can support the simple change of different container approximations [47] . Authors in [48, 49] provide a heuristic approach to maximize the number of unit items such as rectangles, squares, or circles inside a circle of known radius. Also, the polygon-shaped or circular container is considered in [50, 51] , with the aim to minimize the size of the polygon such that it contains a given set of fixed-size inner circles and ellipses and to increase the fraction of the packed container area.
In this paper, we adopt the idea of using a regular grid methodology to provide solutions of a packing problem. We present mathematical constructions to calculate the packing density of embedding regular and irregular hexagons and dodecagons in a circular container. Based on the literature search, none of the papers deal with these specific types of cutting polygonal sensor shapes. Hence, we address that specific type of packing problem when irregular hexagons and dodecagons are packed into circular container and we derive PE formulas.
We define four different sensor shapes produced from a circular silicon wafer, that are presented in Figure 2 . Irregular dodecagon is gained from regular hexagon with small vertex cuts applied. Regular dodecagon is regular hexagon with maximal vertex cuts applied. We adopt the irregular hexagon with three symmetry axes in the triangular grid from [52] . We extend the possible irregular hexagon types with respect to their size defined by the sides and . We tessellate those hexagons to cover a given area of interest and compare the coverage efficiencies. We prove that silicone waste would be minimized when the ratio / is minimal. Increasing the ratio is proportional to silicone waste. We also compare the tessellated irregular hexagons with {3, 12 2 } Archimedean semiregular tessellation. We show that SE is negligible; these irregular hexagonal sensors can be produced with SE almost as in the regular semiregular tessellation.
We provide a study in two directions; first, we analyze SE when sensors are produced from a fixed-size circular container (for each of the four sensor types). When = 1, it represents the case when producing a single sensor. Next, if all sensors are produced from the same wafer size, we compare SE when covering a circular surface that is flexible in size. Generally, we propose new formulations to develop a general model by using semiregular tessellation for the hexagon packing problem, giving the solution where the silicon waste is minimal.
Tessellation Method
. . General Description. A tiling or a tessellation is covering a flat surface using one or more tiles without any overlaps or gaps. Although the used tiles can have arbitrary shape, we focus on regular polygons (hexagons and dodecagons). Concerning the mathematical tiling context, edge is a boundary which separates the two tiles, and vertex is an endpoint of an edge.
We say that a tiling of the plane is an edge-to-edge tiling if it uses polygons only and all adjacent tiles share full edges. We say that a tiling of the plane is vertex-transitive if it uses only polygons and every vertex (where three or more tiles are connected) is the same as any other vertex, in terms of the number, kind, and sequence of the shapes surrounding it.
Tiling is monohedral if all the tiles are of the same shape and size. Otherwise, it can be dihedral, trihedral, etc. Regular tiling is an edge-to-edge tiling by using congruent regular polygons. We could say it is a subtype of monohedral tiling. Uniform tiling is the tessellation of the plane by regular polygons with the restriction of being vertex-transitive. There are just three regular uniform tiling types given in Figure 3 .
. . Regular Hexagon Tessellation
Proof. It is mathematically trivial to prove tessellation with regular hexagons. The sum of all angles in one vertex is 360
∘ . The sum of the inner polygon angles is ( − 2) • 180 ∘ . As all inner angles are equal, it follows that n = ((n − 2) • 180 ∘ )/n. There are regular polygons in each vertex, and all the above can be represented with the following equation (n ≥ 3):
Relation (2) can be written as = 2 + 4/( − 2), where there are possible solutions only for ∈ {3, 4, 6}. In the case of regular hexagon where = 6, it gives = 3 (number of hexagons in each vertex). The other possible solutions confirming tessellation are = 4 and = 3.
. . Semiregular Tessellation. Archimedean or semiregular tessellation uses more than one type of regular polygon with the restriction of being vertex-transitive.
Proof. We show the proof of the simplest possibility which allows usage of two different types of regular polygons in the tessellation. The following equation represents the fact that 2 } semiregular tessellation (adjusted from [54] ).
single vertex is a meeting point for 1 regular polygons 1 and 2 regular polygons 2 :
where 1 , 2 , 1 , 2 ∈ and 1 , 2 ≥ 3 (the smallest polygon is a triangle). This can be also expressed as
One possible solution for (4) is when 1 = 3, 2 = 12 with 1 = 1, 2 = 2, and each vertex is a meeting point for one equilateral triangle and two regular dodecagons. This is Archimedean {3, 12
2 } semiregular tessellation, as shown in Figure 4 . Last possible solution allows usage of three different types of regular polygons in tessellation (it is easy to prove that it is not possible to use more than three). With similar argumentation as in previous two cases, we conclude that there are eight possible semiregular tessellations [54] .
Methodology
. . Research Problem. Sensors are defined by four geometrical shapes, as shown in Figure 2 . The packing problem of embedding sensors in a circular container can be explained with the following problem formulations:
(i) Problem . Find the minimal circle radius such that equal sensors of known size can be fit inside.
(ii) Problem . Find maximal size of a produced sensor, such that minimally such sensors can be packed into a circular area of radius .
(iii) Problem . Find maximum number of sensors packed into a circular area with the known radius size.
(iv) Problem . Derive PE (or SE) formulas.
. . Research Context. We use the following approach in solving the above problems. First, we start from a well-known regular hexagon tessellation and revisit the covering an area of interest without voids or gaps. We use formulas to find solutions for this general case when regular hexagons are packed in the circular container. Next, since this "perfect" regular tessellation is not satisfactory in our case, not providing spacings for mechanical apertures, we derive Archimedean {3, 12
2 } semiregular tessellation from the regular hexagon tessellation. This is done by cutting equilateral triangles at the vertex which is common to three joined regular hexagons.
It is well known that PE is decreased when semiregular tessellation is applied with respect to the regular tessellation. The ratio is defined already for the problem of packing circles into a squared container [9] . Even though it is expected to obtain lower PE when semiregular tessellation is used, we are interested to calculate the ratio between the two to evaluate the difference of using regular and semiregular tessellation when packing sensors into a circle.
Because of the flexibility in choosing the size of the triangular spacings with lowering the side of a regular dodecagon, we move from the regular dodecagons to the irregular ones (with 6 symmetry axes). We study the efficiency when packing them into a circular container. Irregular dodecagons can provide us the desired PE, but with larger number of cuts when producing a single sensor (number of cuts is 12, compared to a regular hexagon that needs only 6 cuts in the production). Hence, we examine the possibility of the sensor to remain hexagonal in shape. We construct a sensor that is in a form of an irregular symmetric hexagon and we pack them in the circular area.
To minimize the number of needed cuts of the sensor and together with provided triangular spacings, we propose semiregular tessellation with irregular hexagons (with 3 symmetry axes) that is not edge-to edge. Our goal is to compare our proposed packing with other shapes semiregularly tessellating the plane, considering that triangles must be cut out by default, so that we can have a fair comparison. Finally, we compare PE for each sensor type.
. . Research Questions. The questions that need to be answered with this study are formed by two aspects: (ii) Packing sensors of known dimensions in the circular area of interest and calculating PE which represents coverage efficiency:
(1) Flexible-size container in which we always pack the same number of sensors (a) Which sensor shape requires the container to be the smallest? (b) Which sensor shape reduces the unused packed space in the container and increases PE when area of interest is covered? (c) Which sensor shape enables that larger area of interest can be covered?
Packing Regular Polygons into Circle
. . Regular Hexagon Tessellation in the Circular Area. Let us consider the regular hexagon tessellation with the coordinate system set like it is shown in Figure 5 . The circle of radius centered in the coordinate system origin contains exactly one hexagon. We denote the central hexagon with = 0. The nearest neighbors of the central hexagon create the first "hexagon ring," denoted by = 1.
Number of hexagons in a ring is equal to 6. If we denote the number of hexagons in ℎ ring with , we can see that 6
Mathematical Problems in Engineering 0 = 1, 1 = 6, 2 = 12, 3 = 18 . . . = 6 . Therefore, the total number of hexagons starting from the origin until the ℎ ring (included) will be
After summing the arithmetic sequence, we get the formula:
With we denote the radius of a circle containing ring completely. Maximum distance from the hexagon vertex in ℎ ring from the origin is 2 = ( /2) 2 + ( + 2 • ) 2 , where the inner diameter of hexagon is calculated with the relation = √ 3/2. Finally, we get the following:
Solution (Problem ). Let us find the minimal value of radius such that equal nonoverlapping hexagons with known side value can be packed inside. We will reformulate the problem: for exact number of regular hexagons with side , how many rings does it take to cover them completely? If we know the number of needed rings , then according to (7) and (6), we also know . Assumption
Knowing the number of rings in the tessellation, according to (7) , it is easy to determine radius = .
Solution (Problem ). Let us find the maximal size of a regular hexagon , such that minimally of them can be packed into a circular area of radius . By using the same assumption (8) as in Problem 1, we come to the same conclusion about the number of needed rings (9) . Using (7), it follows that = / √ 3 2 + 3 + 1.
Solution (Problem ).
How many regular hexagons of side length can be packed inside the circle with radius ?
Again, we reformulate the problem: for a given circle of radius , let us determine the maximum ring contained in that circle. In this case, assumption
with notation = ( / ) 2 gives
Using (6), the maximum number of packed sensors is
Solution (Problem ). Let us derive the PE formula. The area of all hexagons from origin to the ℎ ring ( hexagons) is If we compare with a circle containing rings area , we get the PE:
Thus, the ratio is constant and independent of or value.
. . Archimedean Semiregular Tessellation. Using the same logic with the notation like in the previous regular hexagon tessellation case, we derive problem solutions on Archimedean {3, 12
2 } semiregular tessellation. The centre of the regular dodecagon's circumscribed circle is matched with the sensor centre ( Figure 6 ). Dodecagons that are nearest neighbours to the central hexagon create a "dodecagon ring." It includes few equilateral triangles as well. The total number of dodecagons including the ℎ ring is the same as in the hexagonal case (6). If is the radius of a circle containing ring completely,
where is the inner diameter of the dodecagons = ( /2) 75 ∘ . Finally, we get
Solution (Problem ). Assumption in this semiregular tessellation case will be the same as with the regular tessellation (8) and due to (6), the conclusion about the number of rings needed is the same as (9): = ⌊1/2 + √ 12 − 3/6⌋. For given , using (15), we calculate = .
Let us find maximal size of a regular dodecagon, such that minimally of them can be packed into a circular area of radius . Applying the same logic as in regular tessellation, using (9) we calculate such that = . By using (13) , it follows
Solution (Problem ). How many regular dodecagons with side length can be packed inside the circle with radius ? Again, we use the same logic as in the regular hexagon case. Assumption (10) with notation = (2 / ) 2 gives
Therefore, the maximum number of packed sensors for a given ring is = −1 . 
Solution (Problem
Therefore, the ratio depends only on value.
Packing Irregular Polygons into Circle
. . Irregular Convex Dodecagon. If we take regular hexagon and starting from each vertex, we move along the side for the same distance , like it is shown in Figure 7 , and finally we connect ending points, and we get irregular dodecagon. Regular dodecagon is just a special case where = which is true for the cut value = /( √ 3 + 2). Let us now define the irregular dodecagon rings (Figure 8) , whose number of contained sensors is the same as in all three previous cases. Maximum distance from irregular dodecagon vertex in ℎ ring from origin is
2 . Using the fact that V = /(2 ( /2)), it follows that
Solution (Problem ). The number of dodecagons in each ring and total number of dodecagons are the same as in Archimedean {3, 12 2 } semiregular tessellation. Hence, by using the same assumption, the result about number of needed rings is given by (9) . For that we calculate appropriate radius = using (16). Triangular spacing is equilateral triangle with side whose area is defined as = 2 √ 3/4.
Solution (Problem ).
Let us find the maximal size of a regular dodecagon, such that minimally of them can be packed into a circular area of radius . Applying the same logic as in regular tessellation, using relation (9), we calculate such that = . From (13) , it follows that = 2 /√1 + ((2 + 1)/ ( /2)) 2 .
Solution (Problem ). Assumption (10) is used. With notation
By using (6), the maximum number of packed sensors is = −1 .
Solution (Problem ).
To calculate the PE formula, first we determine the area of an irregular dodecagon: = 3 2 (sin + sin ), where circumference circle radius is calculated by = /(2 sin( /2)). The area of all dodecagons contained from origin to ℎ ring is
Using (16) and because + = 60 ∘ , PE can be expressed as
. . Irregular Convex Hexagon. Let us consider an irregular convex hexagon with three symmetry axes in the triangular coordinate system (Figures 9(a) and 9(b) ).
The hexagonal shape below is adjusted from [40] . We define hexagon size by two parameters; sides and . The ratio / is fixed and it is defined by small triangle side ratio as shown in Figure 9 . We extend the class of hexagons by increasing the ratio / , as shown in Figure 9 . As we have already stated before, we construct irregular hexagon which decreases the number of cuts in the single sensor production and enables the flexibility of the triangular spacings. We define irregular hexagon types denoted with (Δ), where Δ = | − |.
We refer to irregular hexagon from Figure 9 (a) as (1) and from Figure 9 (b) as (2), while hexagons in Figure 10 are referred to as (4) and (6), respectively. From the relation + = 120 ∘ (refer to Figure 2(d) ), it follows that
Therefore, it is enough to know the ratio / (or / ) to determine the inner hexagon angles. For example, if / = 7/5, then it follows that ≈ 71 ∘ and ≈ 49 ∘ . Triangular spacing is equilateral triangle with side that is defined as = Δ/2. It follows that the triangle area is
Therefore, based on the size of the triangular spacing, higher Δ provides larger triangle area that gives larger waste in the sensor production, but it provides larger area for mechanical apertures when sensors cover a circular area of interest. For > , the area of this irregular hexagon can be calculated by using the formula: where circumscribed circle radius is calculated as = /(2 sin( /2)).
If we compare areas of the regular and irregular hexagon with the same circumscribed circle radius, we get
Consequently, for the case where the ratio / = 7/5, it follows that ℎ/ ℎ ≈ 1/0.98. We can conclude that SE would be almost the same when one regular or irregular hexagon (1) is produced from a circular wafer of a fixed radius. We apply the same logic in describing irregular hexagon rings (Figure 11 ), as with regular hexagons used. The total number of hexagons starting from the origin until the ℎ ring is again given by (6) . With we denote the circle radius that contains ring completely, since maximum distance from hexagon vertex in ℎ ring from origin is
2 , where V + V = V (it is easy to show that described using (shorter) side has the higher value than the one with side).
Parameters V , V are shown in Figure 2(d) . Finally, it follows that
or using / ratio
Solution (Problem ). For the irregular hexagon rings, the number of contained hexagons in each ring is the same as in the regular hexagon case. Thus, by using the same logic from (8), we come to the same number of needed rings (9) . As for a given , we can calculate the appropriate radius = by using (32) .
Let us determine the maximal size of an irregular hexagon, such that minimally of them can be packed into a circular area of radius . The same logic is used as in solving previous Problem 2, which gives the needed number of rings such that = . In the previous discussion, we have narrowed the choice on irregular hexagons that have two different sides ( , ) that alternate forming a symmetric geometrical shape. Irregular hexagons with different side values can have the same area. So, to determine the required type of irregular hexagon, we must know at least one of sides ( , ) or / ratio. Therefore, by using (20) and (24) we get the needed values.
Solution (Problem ). Again, assumption is formulated with the inequation (10). By using notation = (2 / )
2 it follows that
Solution (Problem ). Let us derive the PE formula. The area of an irregular hexagon is ℎ = (3 √ 3/2) 2 sin(150 ∘ − ). The area of all hexagons from origin to ℎ ring ( hexagons in total) can be expressed as
If we compare the area of one circle containing rings , with area we get the PE:
Thus, the ratio depends on and value.
Results and Discussion
PE is calculated with using every sensor geometrical shape, approximating SE in the sensor production cost and PE which represents coverage efficiency when packing sensors of known dimensions in the circular area of interest. In the former context, we separate the following cases:
(a) A single sensor ( = 1) is produced by a fixed-size circular silicon wafer given by radius . (b) sensors are produced ( > 1) by a fixed-size circular silicon wafer given by radius . (c) Sensors are produced from the fixed wafer size and they are packed into a circular container whose size is flexible. It is defined with the condition that always a fixed number of sensors is contained inside ( sensor rings).
. . Single Sensor Packing in Circle ( = 1). When a single sensor is produced, one must consider the useful wafer area available in the manufacturing process, as shown in Figure 12 . SE is the largest for dodecagon sensor shape (≈ 96%) since it is the closest to the circle, while for regular hexagon SE ≈ 83%.
When the proposed irregular hexagon (Δ) is used, efficiency is presented in Figure 13 which is in concordance with the area ratios presented in Figure 14 . Naturally, based on relation (20) , when / approaches the value 1, (Δ) approaches the SE of a regular hexagon as approaches 60 ∘ angle ( Figure 15 ). Naturally, (1) is the closest to the regular hexagon, so it obtains the highest SE (where the minimal value is ≈ 80%). Hence, silicon waste is negligible when using this type of irregular hexagonal shape with respect to a regular hexagon. However, it is shown that using other irregular hexagons is also efficient. We can see in Figure 13 that > 55% for Δ ≤ 5, which means that more than half of the wafer is utilized.
For a single sensor in the selected class of irregular hexagons (or for a specific Δ), it is possible to calculate needed criteria to satisfy the required SE. It follows that
We can see from the above formula (29) that SE depends on the angle and this formula is true for every Δ. Hence, we can see for the specific Δ which ratios / are satisfactory. For example, if required SE is 75%, the above formula gives the angle < 1.4821 or < 84.92 ∘ . This means that, in (3), the required SE is achieved for ≥ 3.
Since regular dodecagon is the closest to the circular shape (Figure 12) , it is reasonable to conclude that, when comparing a single sensor production in the regular and irregular dodecagons used (with increased ratios / > 1), SE will be decreasing.
. . Comparison of Hexagon Packings ( > 1)
. . . Regular and Semiregular Tessellation. When sensors are produced from a fixed-size wafer, we use mathematical tessellation mechanism with cantered-centric approach, meaning that central sensor centre corresponds to the wafer centre. We form a requirement that This means that maximal number of sensors that can be produced is always limited by the number of rings , as we want sensors to be tessellated inside the circular area. Also, it means that in the case where ̸ = , even if we need only sensors, more sensors need to be produced. Thus, we calculate the sensor dimensions, such that rings of them can be fit inside a fixed-radius and calculate the used PE (SE).
As we can see in Table 1 , PE is constant for regular tessellation (83%), while Archimedean semiregular tessellation with regular dodecagon has ≈ 77%. Since regular dodecagon is larger for = 0 than a regular hexagon, its area becomes smaller compared to a regular hexagon when larger number of rings is packed in the same circular area. This causes lower PE with Archimedean semiregular tessellation used. This is expected, because silicon waste in the semiregularly tessellated case is obtained by cutting triangles at the sensor vertices.
Let us compare several semiregular tessellations with irregular dodecagons used, where smaller triangles are cut than in the case of Archimedean tessellation. We can see in Figure 16 that the larger the ratio is between sides of an irregular dodecagon, the more we approach to the efficiency of the regular tessellation. This is a natural conclusion from the fact that when the side / ratio in the irregular dodecagon is larger, smaller triangles are cut at the vertices, causing the smaller amount of silicon waste. This is because the cut triangle side is , so smaller size means smaller area and larger ratio / .
Maximal waste is obtained for the Archimedean semiregular tessellation, since maximal triangles are cut out from the wafer, causing the largest silicon waste.
. . . Irregular Hexagon. When producing sensors that are irregular hexagons, we can see that, with the increasing number of rings packed in the circular wafer, SE is increasing, while this was not the case with the irregular dodecagon. The approximated value is based on the following limit functions, for irregular hexagon and irregular dodecagon, respectively:
It is already shown that SE is decreasing with the increased Δ ( Figure 13 ), and we confirm this again in Figure 17 graphs. We see that, based on relation (20) , as Δ is larger, the ratio / approaches zero, getting (Δ) further away from the SE of a regular hexagon. Naturally, (1) is the most efficient. We can obtain larger SE when increasing the ratio / for the individual irregular hexagon architecture with Δ > 1.
SE of the produced irregular hexagons is larger when the number of sensor rings ≥ 4, than in the case of Archimedean {3, 12
2 } semiregular tessellation where ≈ 77%. This is the case (i) for every / ratio in (1)
(ii) / ≥ 0.5 in (2), (3), (4) .
For lower number of sensor rings < 4, irregular hexagon would be almost as efficient as Archimedean semiregular tessellation for any Δ. However, if one needs to obtain larger SE, it can be accomplished with / selected accordingly, such that it is closer to a regular hexagon.
We can conclude that one can produce irregular hexagons with packing almost as efficient or even more efficient than in the case when using Archimedean semiregular tessellation. We can further increase the efficiency by using some other more efficient semiregular tessellation with irregular dodecagons, when smaller triangles are cut out at the vertices, but the number of cuts when producing a single dodecagonal sensor is double.
According to (21) , we can see that the size of the triangular spacing depends on Δ, where these two variables are proportional. When (Δ) is increased, the triangular spacing is increasing as well, causing larger amount of waste when N irregular sensors are produced from the circular wafer. This decreases the SE but requires minimal number of cuts when a single sensor is produced. Also, it increases triangular spacings for mechanical apertures where PE in covering a circular area remains satisfactory.
. . Packing Fixed-Size Sensors into a Circular
Container. This section will obtain the same PE results as the efficiency in the previous one expressed in a form of SE. Namely, when sensor size is fixed, and the area of the container is adjusted accordingly, this is the same as when we have a fixed region of interest and we adjust the sensor size. The reason is that we always use the cantered tessellation approach defined by the number of sensor rings .
When sensors are produced from the fixed-size wafers and we pack them in the circular container, we can discuss the size of the container that is required. Namely, the size of the container is flexible because we want to pack sensors of fixed dimensions with the centred tessellation mechanism and the restriction that all packed sensors are whole, there are no partial sensors. The size of a container is always defined such that a fixed and tessellated number of sensors with the valid restriction (30) can be fit inside.
When the size of the container is defined by the number of sensor rings that are packed inside, PE is the smallest for regular dodecagon or Archimedean semiregular tessellation. This means that leaving largest triangles unused in the sensor vertices causes the smallest coverage of the circular surface. On the other hand, we get the largest spacing area for mechanical apertures, but individual sensors are produced with maximal number of cuts. Using larger irregular dodecagons (like in the previous section) can reduce the unused packed space because triangular spacings are smaller, which increases PE towards the most efficient regular hexagonal tessellation used (83%). However, triangular spacings are smaller and again we need to apply maximal number of cuts in a single sensor production.
Concluded from Figure 17 , irregular hexagonal sensor shape will reduce the unused packed space in the container and increases PE when area of interest is covered. PE will be larger than Archimedean semiregular tessellation, with smaller triangular spacings, but these are provided naturally by the packing process. There are no cuts needed at the regular hexagon vertices since a single irregular hexagon sensor can be produced with minimal number of six cuts in total.
We can compare the size of the container that we need depending on how many sensor rings do we pack inside. Sensor is produced from a fixed-size wafer and example for 6" sensors is given in Figure 18 (b). Since wafer radius is the same for all sensor shapes, regular dodecagon will require the largest container (because we assume that all sensors must be whole with no partial sensors allowed). The reason for this is that regular dodecagon is the largest in area and the closest to a circular shape. Hence, regular dodecagon shape enables that the largest area of interest can be covered.
Irregular dodecagons packed in the container cause the fact that its size can be smaller, and closer to the size of the container when regular hexagons are used. In this case, the smallest container can be used for packing since regular hexagons have the largest PE. On the other hand, since the area of an irregular hexagon is smaller than the area of a regular hexagon, smaller container is needed for the same number of sensors that are packed inside (Figure 18(a) ). The drawback can be that the same number of smaller sensors can cover smaller area of interest. This means that we place the same number of smaller sensors in the container knowing that its size will be smaller, covering the smaller area with the chosen sensor types.
Conclusions
Regular tessellation enables area to be covered with no voids or gaps, ensuring the constant ≈ 83%. Also, the same SE is obtained when a single sensor is produced in a form of a regular hexagon. In this "perfect" tessellation, one important drawback is that there are no spacings for mechanical apertures and mounting, when such produced sensors are packed inside the circular area. This is needed in a specific application such as the design of the new CMS detector [1] . The spacings can be obtained with truncated tips at the vertices of the hexagonal sensors. When using these sensors with cut out maximal triangles at the vertices, we semiregularly tessellate the area of interest causing Archimedean {3, 12
2 } semiregular tessellation. This way, sensor becomes a regular dodecagon. Also, using irregular dodecagonal sensor shape can provide us with some additional flexibility in adjusting the size of the triangular spacings, where lowering the spacing area causes the enhanced PE of the area.
Producing such dodecagonal sensors ( = 1) is costeffective in terms of silicone material, since of a regular dodecagon is larger than a regular hexagon, i.e., = 95%. On the other hand, producing single irregular dodecagons increases the waste as expected. However, we can produce larger number of smaller sensors from a fixed-size circular wafer in the centred tessellated manner. The SE of a regular hexagon remains constant, and we derived the ratio between .ℎ ≈ 83% and . ≈ 77%, when sensors are produced. Naturally, SE is increased with using dodecagonal sensor shapes, as waste of the silicon material is smaller.
The number of cuts needed in producing a single sensor is increased in double when dodecagon sensor shape is used compared with hexagon. Therefore, in this paper, we answered the question if we can use some other more efficient sensor shape that keeps the almost as if a regular hexagon was used, while the number of straight cuts when sensors are produced is minimal. With the proposed irregular hexagons, providing triangular space is enabled by default with semiregular tessellation and applying the vertex cuts on the sensors is avoided. The number of cuts needed in the sensor production is reduced because sensor remains hexagonal, even though irregular in shape. Choosing a specific group of irregular hexagons (Δ) enables us to decide on the size of the required triangular spacing with the that remains satisfactory. of producing a single irregular hexagonal sensor is satisfactory for Δ = 1, 2, 3 with > 65%, with the largest efficiency obtained for the smallest Δ = 1. Also, producing such sensors is cost-effective, with the SE larger than Archimedean semiregular tessellation. The efficiency is growing with larger number of sensor rings produced, which is not the case in dodecagonal sensors used. When more sensors are produced, SE is getting closer to the desired 83% of a regular hexagon, which means that we can produce these sensors with almost the same SE.
Considering a specific application when produced sensors need to cover the circular area of interest with the satisfactory while providing triangular spacings for mechanical apertures, we conclude that regular dodecagons provide the largest area to be covered. From the other point of view, it requires the largest container. Irregular hexagons on the other hand require the smallest container as they are smaller in area. Triangular spacings are provided by default in the packing procedure. We can adjust PE with different ratios / selected, such that it is closer to using a regular hexagon. Basically, we are adjusting the size of the gaps for mechanical apertures and mounting, while remains satisfactory. As future work, we will observe a more realistic case where a problem of packing fixed-size sensors in a fixedsize container is studied. When sensors are produced from a fixed-size wafer and we aim to pack them into a fixed container, we first need to calculate how many of them can be fit inside. Then, based on a requirement (30) since we assort sensors in the tessellated manner, we can compare the obtained PE. It would be also interesting to repeat the study with the packing problem where noncentred tessellation is applied. Improved SE and PE can be expected since central sensor centre is moved with respect to the centre of the container.
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